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An analytical solution is not a numerical solution, and it can calculate concentrations at any time point without calculating the in-
tervening time points (if the input function was not changed meanwhile). On the contrary, it is necessary to calculate concentrations
of intervening many time points if one has only a numerical solution (in other words, if you use numerical integration).

If a drug is administered without previous dosing and not an endogenous substance, the drug concentration at time 0 (initial condi-
tion) will be zero. However, if the drug is cleared insufficiently from the previous dose or an endogenous substance, the drug concen-
trations of each compartment at time 0 (the initial condition) would not be zero. This condition is called non-zero initial condition
here.

With zero initial values, it is not so difficult to have an analytical solution. And, if the pharmacokinetic model is a one-compartment
model, Non-zero initial value problem can be solved without much difficulty using the rule of superposition for the drug amount (or
concentration).

However, if the pharmacokinetic model is a multi-compartment model and the initial condition is not-zero for all compartments,
one can not simply use the rule of superposition for the concentrations because the drug of each compartment moves between com-
partments.

For the simulation, numerical integration is often sufficient. However, for the fitting or estimation, an analytical solution is usually
better because of the speed. Solutions with a single dose or zero-initial value are easily found in textbooks. However, solutions for the
multi-compartment model with non-zero initial value are harder to find. Authors would like to present the most elegant way to solve
this kind of problems analytically.
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Case presentation

[Dosing history]
At 0-hour, 100 mg of a drug was administered by intravenous bolus.
At 24-hour, 150 mg of a drug was infused intravenously with the rate of 50 mg/hr.
At 48-hour, 100 mg of a drug was administered orally.

[Measurement time points]

The concentrations of a drug at 0, 1, 2, 4, 8, 12 hours after each dose with given pharmacokinetic parameters.

[Exercise 1. One-compartment model]
If the drug is disposed by a one-compartment model with the pharmacokinetic parameters of Ka=1,Ke=0.1,F=1,and V =1,

what will be the concentrations at the measurement time points?

[Exercise 2. Two-compartment model]
If the drug is disposed by a two-compartment model with the pharmacokinetic parameters of Ka = 1, Ke = K10 = 0.1, K12 = 3,

K21 =1,F=1,and V = 1, what will be the concentrations at the measurement time points?

[Exercise 3. Three-compartment model]
If the drug is disposed by a three-compartment model with the pharmacokinetic parameters of Ka = 1, Ke = K10 = 0.1, K12 = 3,
K21=1,K13=2,K31=0.5, F=1,and V = 1, what will be the concentrations at the measurement time points?

The easiest way to solve the above problem is using the ‘wnl' R package. This package can be used to solve all of the pharmacokinetic
and pharmacodynamic exercises in the pharmacokinetic textbooks or manuals. This can also be called in other packages for thera-
peutic drug monitoring, parameter estimation, pharmacokinetic or pharmacodynamic simulation. This package is for deterministic
simulations, but not for stochastic ones. For a stochastic simulation, one needs to generate random pharmacokinetic parameters us-
ing multivariate distributions and random residuals.

To install this from the default repository, use the following command.

install.packages ("wnl")

require (wnl)

# Data preparation
DAT
DAT2 = ExpandDH (DAT) ; DAT2

# Solution 1
X1 = Compl (Ke = 0.1, Ka = 1, DAT2) ; X1
matplot (DAT2[, "TIME"], X1, type = "1")

# Solution 2

Sol = SolComp2 (K10 = 0.1, K12 = 3, K21 = 1)
X2 = nComp (Sol, Ka = 1, DAT2) ; X2

matplot (DAT2[, "TIME"], X2, type = "1")
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# Solution 3

Sol = SolComp3 (K10 = 0.1, K12 = 3, K21 =1, K13 = 2, K31 = 0.5)
X3 = nComp (Sol, Ka = 1, DAT2) ; X3

matplot (DAT2[, "TIME"], X3, type = "1")

The results of the above R script were confirmed with ADAPT 5 and NONMEM 7.4.3.

One can see all the source script with the following commands, and all the functions have only 20 to 40 lines for each.

ExpandDH # Expand Dosing History to include all non-differentiable points
Compl # One-compartment model with pharmacokinetic parameters
nComp # Multi-compartment model with lambdas and coefficients
SolComp2 # Solver for lambdas and coefficients of a 2-compartment model
#

SolComp3 Solver for lambdas and coefficients of a 3-compartment model

There are many ways to solve this kind of problems. The strategy adopted here is that each amount at time t; will be calculated using
the elapsed time (delta t) from the previous time point t;, and an initial condition equal to the condition (amounts of each compart-
ment) of the previous time t;, point. This strategy is used for software such as NONMEM and ADAPT.

The list of terms related to the differential equation but not explained here are ordinary differential equation, initial value problem,
coupled linear differential equation, homogenous differential equation, inhomogeneous differential equation, homogenous solution,
particular solution, impulse response function, Laplace transformation, and convolution. The definitions and meaning of these terms
can be found in textbooks or on the internet without difficulty.

One-compartment model with non-zero initial condition
After intravenous bolus injection, the drug amount at time t, X(t) in the central compartment (or concentration if you divide the
amount by the volume of distribution) can be calculated using the following equation.

X(t) = X(0)e~Ket Eq.1

where X(0) is the initial condition, the amount in the body at the time 0, and Ke the elimination rate constant.
Here ¢ is called the impulse response function, or the response function to the unit impulse.
Eq. 1 is the solution to the following differential equation (Eq. 2).

ax _

— =KX Eq.2

If the drug is infused intravenously with the rate R (Eq. 3), the solution is Eq. 4.
ax
= = —K.X+R Eq.3
X(t) = X(0)e et + - (1 — e7Ket) Eq. 4

Eq. 4 is also viewed as a homogenous solution + a particular solution because Eq. 2 is a homogenous differential equation and Eq. 3
is an inhomogeneous differential equation.

The followings are true in general.

% = AX + m with the initial condition X, Eq.5
X() = Xy(t) + Xp(t) Eq.6
X(0) = exp(A) X, + exp(A¢) * }‘Ej Eq.7
X(0) = exp(AD X, + J, explA(t = D] f(t)de Eq.8
45
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where

A: coefficient matrix )

X(t) : general solution of the differential equation % = AX+f(®

X, (t) = exp(At) X, : solution of the homogenous differential equation Z—f = AX
exp(At): impulse response function

F(©): input function

X, () : particular solution of the inhomogeneous differential equation

*: convolution operator

If a drug is infused and administered orally, the differential equation is

&= —KX + R + K Xg(0)e ket Eq.9

where K, is the absorption rate constant, and X,(0) is the orally administered dose multiplied by its bioavailability.
Then the solution is

X(t) = Xy (t) + Xp v (t) + Xp po(t) Eq. 10

t t

= exp(—K,t) X(0) + f exp[—K,(t — 7)]Rdt + f exp[—K.(t — 1)]K, Xy (0)e KaTdr
0 0

R

X(0) = X(0)e ket 45 (1 —eKet) 4 %gg)(e—l(ef — e~Kat) Eq. 11

This is interestingly the summation of each solution for intravenous bolus, infusion, and oral dosing.
If K, = K, =K, the solution becomes

X() = X(0)e ¢ + = (1 — e7K¢) + X, (0)Kte Kt Eq.12

Two-compartment model with non-zero initial condition
The differential equation for a typical two-compartment model is

ax _ —(K. + ch) Kpc ])-(' + [R] + [Kan(O)e‘Kat] Ea 13
dat Kep —K, 0 0 q
where

K, = K, the elimination rate constant from the central compartment

K, = K,,: the rate constant from the central to the peripheral compartment

K, = K,;: the rate constant from the peripheral to the central compartment

R: infusion rate to the central compartment. Infusion is given to the central compartment only.

K: the absorption rate constant from the gut compartment

X,(0): amount in the gut compartment at time 0. It is after the multiplication with bioavailability.

The solution of the above would be the following.
X=X, + X)P,IV(t) + )_()P,PO ®)
N —KqtT
= exp(At)X(0) + fot exp[A(t — 1)] [ﬁ] dt + fot exp[A(t — 1)] [Kan ((()))e ] dt Eq. 14

_(Ke + ch) Kpc

when A =
Kep —Kpe
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exp(At) = L7I[(S] — A)™1] Eq. 15

L' indicates inverse Laplace transformation.

For the matrix within the brackets,

S+ (Ko +Kep)  —Kpe ] Fq. 16

SI_A:[ —K,, S+ Kpe

is inverted to have

[S+Kpc Kpc ]
(SI=A)! = Kep  S+(KetKep) Eq.17
S24(Ke+Kep+Kpc)S+KeKpc
The denominator is a quadratic equation, and if the roots are -A, and -\,
S+Kpc Kpc
_ (S+2A1)(S+22)  (S+A1)(S+42)
- 1 Eq. 18
(SI-4A) Kep S+(Ke+Kcp) 4
(S+AD(S+2)  (S+21)(S+22)
where
(Ke+ Kep+Kpe)t+ |(KetKep+Kpc)2—4KeKpc
1 pTKp ptKp » Eq. 19
1= 2
(Ke+ Kep+Kpc)— \/(Ke+KCp+KpC)2—4KerC Eq. 20
Here, we present only the case that roots are two distinct real values, because this is practically true in real situation.
C1 C C3 Cy
1 _ |s+A1 U s+ap s+A; | s+,
(S1—p)=t = [T P S S Eq.21
S+A1 | S+Ap  S+A1 | S+p
where
= ﬂ — Kpc—_lz _ ~Kpc _ Kpc
G = 21—z 2= 12z (3= 12y o= 1Ay
_ —Kep _ Kep _ M—Ke—Kep _ Ke+Kep—1,
Cs = A=Az Ce = A=Az G = A1—2z Co = A1—2z
Therefore,
M Kpe -4t _|_Kpc_/12 oAzt “Kpe p-aat 4 Kpe -2t
eXp(At) — A=Az A=Az A=Az A=Az Eq' 22
Kep p-aut 4 Kev p-apr MKeKep _pye | KetKep=Az \_p,e
A1-22 A1-2y A1-22 A1-22
1[4 — Kpe ™t + (Kpe — 25)e 2t —Kyc-e ™Mt + K, - e 2t
exp(At) = —Aqt -2yt -1t -yt Eq.23
=2z —Kep-e™t + Ko e™2 (M —Ke = Kple™  + (K + Ko — Ay)e™2
Therefore, the homogenous solution is
£
Xy (t) = exp(At) X(0) Eq.24
47
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Then the particular solution for intravenous dosing is

(/11 - Kpc)e_ll(t_r) + (Kpc - Az)e_AZ(t_T)
M Azf K- e~ M(t-1) 4 Kep e~ A2(t=17)

Xp v (t) dt Eq. 25

Because the infusion rate for the peripheral compartment is zero, we can only consider the first column of exp(At).
If we integrate Eq. 25,

41~ Kpc e~ (t-D) 4 KL_}‘Ze—lz(f—T)
2 A
. _ - " Eq. 26
PIV ) = - ,12 —Kep e~ M(t-1) 4 Kﬂe—lz(t‘f)
M A2 0
and
A A
e [REameh R e Fq 27
Xpw(t) = ’
. A=Ay ch _ oAt ﬂ — e Mot
| /11(1 el)+/12(1 e

The particular solution for an oral dose is

Kan(O)f (4 — Kpo)e ™D + (K, — 2,)e 42D
_ch oMt 4 ch . g A2(t=1T)

Xp PO (t) ] e_K“TdT Eq‘ 28

Integration of Eq. 28 becomes

Topott) = a2 o0 - pae-“ KR 4 (K, — Fp)eHate Oa) B2
P,PO e~Mto—(Ka=A)T ch . e~ A2t g=(Ka=22)T .
and
M Kpe - Ait o= (Ka=A0)T 4 KpcT22 (-2t o~ (Ko=)
X’ (t) — KaXg(0) | Kq—21 Kg—23 Eq 30
F.FO Ntz | Kep ,-dytp-(Ka=An)r 4 Kb p—tot o ~(Ka=2o)t :
Ka—11 Ka—12 o
then
MKpe o ait _ —Kat) o Kpe=A2 o _aot —Kut
Xp po(t) = 2O fa 1 . ) e ) Eq.31
ppro(t) = Z .
’ A1=22 Kep (At _ —Kgt Kep Ayt _ ,—Kgt
Ka—/h(e 1 e u)+—Ka_Az(e e a)
Now we can add Eq. 24, Eq. 27, and Eq. 31 for the general solution
X(t) = Xy(t) + Xp 1y (t) + Xp po(t)
— (’11 - KPC)e_llt + (Kpc - AZ)e_Azt —Kpe - et + Kpe - et )?(0)
A1=22 —Kp e ™M+ K, et (4 — Ko = Kep)e ™8 + (K, + Kep — A;)e ™2t
A1—Kpc _ Kpc—24 _
. A1~ Kpc (1 /llt)+ Plz Z(l—e Azt)
A1=2z KCP _ =gt Kep g _ -2t
/11(1 el)+/12(1 e "2h)
MKperqit o -Kat) 4 Kpc=R2 (At —Kgt
KaXg(0) [ Kq—21 (e ' ¢ )+ Ka=22 (e ¢ ) Eq 32
A1-2 “Kep —aqt —Kgt Kep Ayt —Kqt
T L T e T (TR )
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For intravenous only or oral administration only, replace X,(0) or R with 0 respectively.
Special cases, when one of the divisors is 0, have different solutions.
When K, =K, =\, =0 (therefore \, = k), the solution reduces to that of the one-compartment model.

Three-compartment model with non-zero initial condition
The differential equation for a typical three-compartment model is

a7 —(Kio+ K1z +Kiz)  Kax Kz . [R K, X,;(0)e Xat
i K1z =K 0 [X+])0[+ 0 Eq.33
K3 0 —K3 0 0
where
K ,: the elimination rate constant from the central compartment
K,: the rate constant from the central to the first peripheral compartment
K,,: the rate constant from the first peripheral to the central compartment
K ;: the rate constant from the central to the second peripheral compartment
K;,: the rate constant from the second peripheral to the central compartment
R: infusion rate to the central compartments. Infusion rates for the peripheral compartments are Os.
K_: the absorption rate constant from the gut compartment
X,(0): amount in the gut compartment at time 0. It is after the multiplication with bioavailability.
The above equation can be solved with the same way to the two-compartment model case.
(SI—A)?
1 (S+K21)(S+K3l) K21(3+K31) K31(S+K21)
=5 K12 (S + K31) (S + Kl() + K12 + K13)(S + K31) - K13K31 K12K31 Eq' 34
K13(S + Klz) K21K13 (S + KlO + KlZ + K13)(S + K21) - K12K21
where
D = (S+ Ky + Kiz + K13)(S + K21) (S + K31) — K31 K12(S + K31) — K31 K13(S + K2y)
=83+ (Kyo + K1z + Ki3 + Kpy + K31)S% +
{(K1o + K1z + K13)(Ko1 + K1) + K1 K31 — Ki2Kp1 — Ki3K31}S + Ki9K21 K34
=83+ (Kyo + K1z + Ki3 + Kpy + K31)S* +
(K10K21 + K13K21 + K10K31 + K12K31 + K21K31)S + K10K21K31 Eq 35
Let -A,, -A,, —A, be the three distinct roots of real values. (In real situations, roots are almost always three distinct real values.)
C C C C C C C C C
1 + 2 + 3 4 + 5 + 6 7 + 8 + 9
S+A, S+, S+As S+A S+24 S+A; S+A4 S+A, S+
C C C C C C C C C
(SI _ A)_l — 10 11 12 13 + 14 + 15 16 17 + 18 Ea.36
S+4, S+, S+13 S+A4 S+, S+A; S+, S+, S+, 4
Cl 9 CZ 0 CZ 1 CZ 2 CZ 3 + C24 CZ 5 CZ 6 CZ 7
+A S+, S+A; S+ S+, S+A; S4+A4 S+, S+
49
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where

C, = (K21—-21)(K31—-41) C, = (K21—-22)(K31—42)

(A2—-21)(A3—11) (A1-22)(A3—12) 3=
_ _K21(Kz1—h) _ _Ko1(K31-27) —
T (A=) (As-29) > 7 (-A2)(As—22) 6
_ _Kz1(Ka1—21) _ _K31(K21-43) _
7 (A=A (A3-21) 87 (1-22)(A3-22) ?
K12(K31—A Kq2(K31—A
Cio = 12(K31—41) Ciy = 12(K31—42) Ciy
(A2-41)(A3-241) (A1-42)(A3-12)
Civ = (K10+K12+K13—41)(K31—41)—K13K31
3 (A2=21)(A3—A1)
C.\ = (K10+K12+K13—42)(K31—42)—K13K31
14 (A1=22)(A3—A2)
Cic = (K10+K12+K13—43)(K31—43)—K13K31
15 (A1-23)(A2=23)
K12K31 K12K3q
C,,=—1231 Cip =———— C
167 A-21)A3-11) 77 A1-22)(A3-12) 18
_ _Kiz(Ka1—-41) _ _Ki3(Ka1-42)
Clo=c" "~ 20 = T Cy1
(A2—21)(A3—11) (A1-22)(A3—12)
K21K13 K21K13
C,, = —2+13 Copo = ———= C
227 Q-2)3—10) 27 -2)3-22) 24
Coe = (K10+K12+K13—241)(K21—-41)—K12K21
25 (A2=21)(A3—21)
Cor = (K10+K12+K13—42) (K21—22)—K12K>1
26 (A1=22)(A3=A2)
Cpy = (K10+K12+K13—43)(K21—=43)—K12K21

(A1-23)(A2-43)

Heaviside cover-up method is convenient to get the above Cs.

Therefore, the impulse response function is

exp(At)
Cie ™Mt + Cye~t2t + Cye%st
= [Croe ™Mt + Cjre 2t + Cppe st
Cioe ™Mt + Cype~2t + e~ st

Coe™1t 4 Cie™2t + CyePst
Cype ™Mb + Cyye 2t + Cyueat
and the homogenous solution is

Xu(t) = exp(At) X(0)

The particular solution for an intravenous infusion is

%(1 —eht) 4 %(1 —e~Hat) +j—z(1 — e~st)

= C ~1 C .y C -2

Xpw(®) =R f(l—e 1‘)+f(1—e 2f)+%:(1—e )
19 (1 — e7Ml) + Z20(1 — g ety 4 2L(1 — e sty
A1 Az A3
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(K21—-23)(K31—43)
(A1-23)(A2—13)

_  K21(K31—43)

(A1=23)(A2~23)

__K31(K21—43)

(A1=23)(A2—23)

_ _Kia(K31—43)
(A1-43)(A2-13)

— K12K3q
(A1-23)(A2—43)

_ _Kiz(Ka1—43)
(A1-23)(A2—13)

— K21K13
(A1-23)(A2-13)

Cre Mt + Cge 2t + Coe Pt

Ciee ™Mt + Cpye™2t + Cigest Eq. 37
Cyse ™Mt + Cyge™ 2t + Cype st
Eq. 38
Eq. 39
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Similarly, the particular solution for an oral dose is

C, N G, Gy
Mt _ ,—Kgt ~Azt _ g—Kqt A3t _ ,—Kgt
—/11(6 e )+ _Az(e )+Ka_/13(e e )
)?P,Po(t) K X, (0) (e—/ht _ e—Kat) + F(e—/lzt _ e—Kat) + K= (e—l3t _ e—Kat) Eq. 40
(e—llt _ e—Kat) + C (e—lzt _ e—Kat) + C (e—lgt _ e—Kat)
ll{ —,11 K, — 1, K, — 13 ]

Consequently, the summation of Eq. 38, Eq. 39, and Eq. 40 is the general solution for the three-compartment model.
X(©) = Xu(0) + Xp () + Xp o ()

Cie™Mt 4 Cye 2t 4 CreHst Coe™Mt 4 Coe™M2t 4 C e st C,e~Mt 4 Cge 2t 4+ CoePst

1 2 3 4 5 6 7 8 9

=|Crpe ™t + Cre ™2t + Cpe™™t Cize ™ + Crue™2t + Cige™st Cige™™b + Crye ™2t + Cige™3t | X(0)
Croe ™Mt + Cype ™2t + Cye st Cppe™t + Cpze™2t + Cyue™st Cpge ™M1t + Cyee™2t + C, e M5t

ﬂ(l _ e—/ht) + C_2(1 _ e—lzt) +&(1 _ e—l3t)
A A2 A3
+R |2 (A —e M) + 2 (1~ e 7Rt + T2 (1 - eheE)
c _ c _ C _
f(l —e~ht) +/1L20(1 — ety +f(1 — et
- A (e—llt —Kat) + (e—lzt —Kat) + (e—l3t —Kat)
a 1
+K X (0) C10 (e—l1t —Kat) + KC11}L2 (e—lzt —K,,_t) + KC1z)L3 (e—l3t —Kat)| Eq 41
519 —A1t _ ,—Kgt C20 —Apt _ ,—Kgt C21 —A3t _ ,—Kgt
Ku—ll(e 1t —e7"at) + _Az(e 2t —e a)+Ka_A3(e 3t — g7t

In cases of intravenous only or oral administration only, replace X,(0) or R with 0 respectively.
When one of the divisors becomes 0, the solution is different from the above.
When K; = K, = A, = 0, the solution reduces to that of the two-compartment model.

Conclusion
The analytical solutions of linear pharmacokinetic compartment models with a non-zero initial condition can be obtained elegantly
using the matrix operations, integration, and the following facts
i) Pharmacokinetic compartment models for intravenous infusion or oral administration can be expressed using inhomoge-
neous differential equations.
ii) The general solution of an inhomogeneous differential equation is the sum of the homogenous solution and the particular
solution.
iii) The particular solution is the convolution of the impulse response function from the homogenous solution and the input
functions such as intravenous infusion rate or input rate from the depot compartment.
iv) Laplace transformation can be used to solve coupled linear differential equations.
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